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Summary. An electro-rheological fluid is a material in which a particulate solid is suspended in an 
electrically non-conducting fluid such as oil. On the application of an electric field, the viscosity and 
other material properties undergo dramatic and significant changes. In this paper, the particulate 
imbedded fluid is considered as a homogeneous continuum. I t  is assumed that  the Cauchy stress 
depends on the velocity gradient and the electric field vector. A representation for the constitutive 
equation is developed using standard methods of continuum mechanics. The stress components are 
calculated for a shear flow in which the electric field vector is normal to the velocity vector. The 
model predicts (i) a viscosity which depends on the shear rate and electric field and (ii) normal 
stresses due to the interaction between the shear flow and the electric field. These expressions are 
used to study several fundamental shear flows: the flow between parallel plates, Couette flow, and 
flow in an eccentric rotating disc device. Detailed solutions are presented when the shear response 
is that  of a Bingham fluid whose yield stress and viscosity depends on the electric field. 
1 Introduction 
Dur ing  the  p a s t  few years ,  there  has  been a g rea t  dea l  of in te res t  in the  manufac tu r e  and  
use of a class of ma te r i a l s  which can be classified as field dependen t  theological  mater ia ls .  
These mate r i a l s  are essent ia l ly  f luids which are  i m b e d d e d  wi th  pa r t i cu l a t e  solids which 
reac t  to  an  e lect r ica l  field in t h a t  on the  app l i ca t ion  of a field the  v iscos i ty  and  o ther  
ma te r i a l  p roper t i e s  undergo  d rama t i c  and  s ignif icant  changes. Such ma te r i a l s  are  be ing  
t o u t e d  as agents  for  enhancing  the  per formance  and  efficiency of a va r i e t y  of engineering 
devices in ve ry  diverse  fields. Much of the  a c t i v i t y  in th is  a rea  is devo ted  to  p roduc ing  this  
ma te r i a l  and  per forming  exper imen t s  in order  to  unde r s t a nd  the  scientif ic basis  for the i r  
behavior .  Li t t le ,  if a n y  effort  has been devo ted  to  m a t h e m a t i c a l l y  model ing  these mater ia ls .  
The  need for unde r s t and ing  the  mechanics  of such ma te r i a l s  and  m a t h e m a t i c a l l y  
model ing  the i r  behav io r  is made  all  the  more  i m p o r t a n t  as these  mate r i a l s  are  a l r e a dy  
f inding d a y - t o - d a y  app l i ca t ions  in the  design of ub iqui tous  devices l ike clutches and 
b rakes  in cars,  v ib ra t ion  damper s  and  absorbers ,  lubr ica t ing  fluids in bear ings  to name  
some. 
In this paper we shall present a mathematical model for field dependent materials 
which is consistent with the phenomena which have been observed. We shall solve a series 
of boundary value problems the results of which can be compared with future experiments, 
as these boundary value problems are in domains which are amenable to experimentation. 
Unlike the field of magnetohydrodynamies, we do not have an equation like Max- 
well's equation which governs the applied field, as the fluid which forms the base for the 
particulate media is non-conducting. The presence of the field alters the basic material 
properties of the particulate imbedded fluid, which is considered as a homogeneous 
continuum. Thus, for instance, the Cauchy stress is dependent on the gradient of the 
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velocity and the electrical field. However, we need to consider only the usual balance laws 
of mass, momentum and energy. The electrical field enters as a parameter  in the problem, 
which can be varied at  will. The problem is also unlike classical magnetohydrodynamics in 
tha t  the viscosity is ~ function of the electrical field. 
In  general the material properties would depend on the temperature.  In  fact, it could be 
possible to counter balance the effects of temperature by  manipulating the electrical field. 
A case in point is the flow of such fluids in a journal bearing. :Due to dissipation there is a 
great deal of heat generated in the flow domain and the temperature of the fluid rises con- 
siderably, resulting in a decrease in the viscosity of the fluid. Since it is necessary to 
maintain the load carrying capacity of the bearing, which depends on the viscosity, to be 
constant, a field dependent fluid accords the opportuni ty  of achieving this goal. The 
electrical field is an additional parameter  in the problem which can be adjusted towards 
this end. 
We star t  our paper  by deriving the constitutive relations for rheologica] materials in 
which the Cauchy stress depends on an electrical field and the velocity gradient of the 
fluid, Using standard arguments in continuum mechanics and representation theory we 
obtain representations for the stress when the material symmetry  group is the proper ortho- 
gonal group and the full orthogonal group. Experiments seem to be consistent with the 
results obtained when the material symmet ry  group is the full orthogonal group, and 
thus our s tudy shall be restricted to this model. For the purpose of illustration and in 
keeping with the indications of experiments, we shall restrict our analysis further to a 
simple class of constitutive models which exhibit the possibility of a yield stress. In this 
sense, the model resembles a Bingham material with a yield stress which is field dependent. 
Within the context of such a constitutive theory we study several boundary value prob- 
lems, the results of which we hope can be compared with current and future experiments. 
2 Constitutive equation 
The mathematical  model for the electro-rheological fluid is based on several assumptions. 
The first is that  the fluid-suspended particle system can be represented as a continuum. The 
second is tha t  the fluid responds instantaneously to changes in the electrical field. Thirdly, 
there are no h i s to ry  effects or long distance interactions in the response of the fluid- 
particulate system. 
In  order to present a mathematical  s ta tement  of these assumptions, we introduce the 
following notation. Let  x be a typical  point in the continuum, t the current time, E(x,  t) 
the electric field, v(x ,  t) the velocity field, L = grad v the velocity gradient, and T the 
Cauchy stress tensor. The above assumptions lead to a constitutive equation of the form 
T(x ,  t) = T[E(x ,  t), L(x ,  t)]. (1) 
For the purpose of brevity,  we drop further reference to x and t so that  (1) becomes 
T = T(E,  L).  (2) 
This constitutive equation must  meet  the restrictions imposed by material frame 
indifference (ef. Truesdell and Toupin [1]). The consequences of this restriction are that :  
(a) the constitutive equation (2) can depend on L only through the stretching tensor 
D = 1/2(L § LT), and thus 
T = ~ (E ,  D) ,  (3) 
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and 
(b) the response function T must  satisfy the relation 
T(QE, QD0 ~) = QT(E, O) QT (4) 
where Q is an orthogonal transformation,  QQT = QTQ = L and (4) must  hold for any  
choice of E and D. 
There has been some discussion in the literature as to whether Q can be only a rotation 
(an element of the proper orthogonaI group of transformations with det Q = 1), or whether 
O could also be a reflection (an element of the full orthogonal group of transformations with 
det Q = --1). Here we shall give the representation corresponding to both these possi- 
bilities. 
A method for determining the general form of the response function T(E,  D) which 
satisfies (4), for any group of orthogonal transformations, has been presented in the article 
by  Spencer [2]. The results of applying this method are shown below for both  the proper 
and full orthogonal group of transformations. 
2.1 Full orthogonal group 
If  we require tha t  (4) holds for any Q belonging to the full orthogonal group, then the 
constitutive equation has the representation 
T = ~xsl + ~xeE (~ E + ~x3D + ~x~D 2 -/ ~xs[DE (~ E + E (~ DE] 
+ ~ [ o e E  | E + E | DeE] (5) 
in which c~i, i = l, ..., 6 are scalar functions of the set of invariants 
Is = tr  [E Q E] ,  I a = t r  D ,  13 = tr  D e, 
(6) 
I ,  = t r D  3, 15 = t r [ D E G E ] ,  16 = t r [ D ~ E G E [ .  
2.2 Proper orthogonal group 
If  we assume tha t  (4) ought to hold for any Q belonging to the proper orthogonal group, 
then the constitutive equation has the representation 
T = Xsl + ~2E ~ E + ~3D + X4D 2 + xS[A Q E + E (~ A] 
+ X 6 [ E ( ~ B  + B ( ~ E ]  + ~r[MD + D M  T] + Xs[MD 2 + D ~ M  T] 
+ ~9[ D2MrD + DMD2] + ~so[ E G MA + M A  (~ E] 
q- ~ls[E (~) M B  + M B  (~) E] (7) 
where the tensors A, B,  and M are defined through : 
2 ~ E i p r e r  ~ Ai = Div%, ~Bi = Dipev, Miv (8) 
Cijk denotes the alternating tensor and 5i, i = 1, 11 are scalar functions of the set of 
invariants, 
I s = t r  [E Q E],  12 = t r  D,  I3 = t r  D e, /4 = t r  D 3 ,  
Is = t r  [DE ~) E l ,  16 = tr  [DeE Q E] ,  (9) 
Ir  = t r  [D2MTA ~) E] -- t r  [D2MTD] 11 . 
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A nunlber of comments can be made concerning the two forms of constitutive equa- 
tions in (5) and (7). First, the scalar functions ~i and 5i are material proper ty  functions, 
and are to be determined by  experiments. Second, a comparison of the two constitutive 
equations shows tha t  Eq. (7) contains Eq. (5) as a special ease. In  order to see this, note 
tha t  Eq. (5) has the same form as the first six terms of Eq. (7). In  addition, the set of 
arguments in (6) of the functions ~ are contained in the set of arguments (9) of func- 
tions ~ .  
The second term in Eqs. (5) and (7) expresses the contribution of normal stress along 
the direction of the electric field vector. In  order to see this, consider a surface area element 
whose unit normal vector n is parallel to E,  tha t  is n = 2E. Since the stress vector on this 
area element is given by  Tn,  it follows tha t  the contribution of the second term to the 
stress vector is ~s)~ IEI 2 E,  which is normal to the surface element. The third and fourth 
terms represent the most general form of dependence on the tensor D. The remaining 
terms account for the interaction between the rate of deformation tensor and the electric 
field vector. 
The material  response functions ~ and 5i depend on the magnitude of the electric field 
through the invariant 11. Invar iants  Is,  12, I~ account for dependence on the rate of defor- 
mation tensor D. The remaining invariants account for interaction between the deformation 
and electric fields. 
Suppose that  the fluid is incompressible. Then, the velocity field is subject to the con- 
straint that  t r  D ~ Dii  -- O. The constitutive equations must  then be modified to have 
the form 
T = - - p l  + ~'(E, D),  (10) 
in which p denotes an arbi trary spherical stress which is superposed on the "extra  stress" 
~(E ,  D). The form of T(E,  D) is given b y  Eq. (5), or Eq. (7), depending on whether the full 
or proper group of orthogonal transformations, respectively, is under consideration. Since p 
is arbitrary, material proper ty  functions al and ~1 can  be eliminated. In  view of the con- 
straint, I s = 0 and hence can be dropped from the list of invariants in (6) and (9). 
Finally, note that  each term in (5) and each invariant in (6) is of even degree in the 
components of E. On the other hand, there are terms in (7) and an invariant in (9) which 
are of odd degree in the components of E. Thus, under a reversal of the electric field, i.e., 
E -+ - -E,  the stresses given by  Eq. (5) will be unchanged whereas the stresses given by  
Eq. (7) will be altered. 
3 Shear flows 
We now consider the predictions of constitutive Eqs. (5) and (7) for shear flows in which the 
electric field vector is normal to the velocity vector. This is expected to represent a common 
situation which can arise in applications involving electro-rheological fluids. 
The shear flow is assumed to occur in the xl - xs plane of a Cartesian coordinate system. 
The form of the velocity field is then 
v = 7 ( t )  x s e l ,  (11) 
and the electric field vector by 
E = Ese 2 § Eae3, (12) 
Flow of electro-rheologicM m~teriMs 61 
where y(t) is the ins tantaneous shear rate and el, e 2 and e a are the unit  vectors in the x~, x2 
and xa directions, respectively. For  notat ional  convenience, let 7' = y(t). Consider first the 
predictions of const i tut ive Eq. (5). The stress components  are found to  be 
Oi 4 
T l l  = ~/1 § "~-7 '2 ,  
o~ 4 t% G 
T~2 = ~1 § ~2E22 § ~- ;~ § -~- ~2E~ ~, 
T38 = ~1 § o~Ea ~, 
TI~ = + ~- E~ ~ 7', 
r C/6 
and by  Eq. (6) the invariants  are 
1 




15 = 0, IG = ~-7'2E22. 
Consider first the effect of the electric field component  E 3. The in-plane stress com- 
ponents  Tn ,  T~,  T12 depend on E a only through the dependence of the functions r on I1, 
the magni tude  of the electric field vector.  The most  significant effect of E 3 is t ha t  it induces 
shear stress components  T13 and T2s. If  these stresses are non-zero, there could also be 
shear flow in the x I - x 3 and x 2 - x 3 planes. This component  also contributes to the normal  
stress. 
I n  the remainder of this discussion, we shall assume tha t  E~ = 0. I t  follows tha t  TI~ 
= T2s = 0, and 11 = E,  2. :For notat ional  convenience, let E~ = E. I t  is seen f rom (14) t ha t  
as can be regarded as functions of E 2 and y2. The shear stress-shear rate equat ion can then 
be wri t ten in the form 
T12 = ~ ( E  2, y2) 7" (15) 
where 
1 
#(E 2, y2) = -2 (~a § asE2). (16) 
~u(E 2, y2) represents the shear viscosity funct ion which is seen to depend on both  the electric 
field and the shear rate. The term ~ is the one which can account  for the non-Newtonian  
nature  of the fluid. The term in ~ arises f rom the interact ion of the shear flow and the 
component  of the electric field in the direction normal  to the flow direction. When  the  
electric field vanishes, so does this te rm and the viscosity reduces to a funct ion of the shear 
rate, as is the case when we have the purely  mechanical  problem. 
As seen in Eq. (13), the electric field gives rise to two terms in the expression for normal  
stress T22. There is thus a normal  stress effect which is in addit ion to t ha t  arising from non- 
linearities in the rate of deformation tensor. I n  the absence of an electric field, there are 
two equal normal  stresses. Thus, the electric field creates three dist inct  normal  stresses. I n  
the case of an incompressible fluid, there are two distinct normal  stress differences. 
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We present next the predictions of constitutive Eq. (7). Because of the complexity of 
the terms in this equation, we shall consider only the case in which E 1 = E3 = 0. The 
stress components are found to be 
1 
Tll = 51 + T ~ , 2 ,  
1 1 
T2~ = 51 + ~2E ~ + -~ ~4y 2 + -~ ~6y2E 2, 
T33 = 51 
(~7) 
1 
T12 = "2- ((~3 -~ ~5 E2) ~, 
T~3 = ~sEy 2, 
1 
T~ = 57Ey + -~ 5~oyE a. 
Invariants  I1 through 16 coincide with those in (14). I t  is found t h a t / 7  = 0. 
Stress components T,1, T22, T83, T,2 have the same form as those given by  Eq. (5). 
Terms in 57 - -  5 1 1  give rise to the shear stress components T~3, T2~. No terms involving the 
material functions 59 and 51, are present because they nmtiply quantities which are 
identically zero. 
The results of experiments (el. Filisko [3]) are consistent with the predictions of the 
constitutive equation (5). Hence, we shall consider only this representation in the remainder 
of this paper. 
3.1 Flows between parallel plates 
The fluid is confined between parallel plates which are a distance 2h apart.  The electric 
field vector is constant in both space and time, and acts in a direction perpendicular to the 
plates. The fluid flow is assumed to be rectilinear in a direction parallel to the plates. The 
flow is maintained by the combined effect of a constant body force and pressure gradient. 
As indicated in Fig. 1, the flow is referred to a Cartesian coordinate system which has its 
origin on the midsurface, the xl axis in the direction of flow, and the xe axis perpendicular 
to the plates. 
h I ,  
I ~ E = 0  
h i2 E, 
l ~E2>E~ 
X 1 
Fig. 1. Velocity profiles /or flow between parallel plates. The pressure gradient is fixed and the 
electric field E is increasing 
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Let  b denote the external body  force per unit  mass on the fluid. The body  force, velocity, 
and electric fields are assumed to have the form 
b = ebe l ,  
W ~--- ~(X2) e l ,  (18) 
E = Ee2,  
where b and E are constant .  By  Eqs. (5) and (10), the stress components  are 
0~ 4 T l l = - p + T  7~' 
~r 0r 
T22 = - p  + ~x2E ~ + -~  V ~ + -~ 72E ~, 
Taa = - -p ,  (19.1--5) 
1 
T12 = - 2 -  (c% + ~5 E2) 7 = #( E2 ,?  2 ) 7 ,  
Txa = T23 = 0 
in which ? = dv/dx~, and p is an  indeterminate scalar which is ye t  to be determined. 
The equations of mot ion mus t  be satisfied for each fixed choice of E. :Let the  velocity 
field, b o d y  force and stresses be subst i tuted into the equations of mot ion s ta ted with 
respect to Cartesian coordinates. The form of the velocity field in (18) is such tha t  the 
acceleration terms are identically zero. By  s tandard  arguments  it can be shown tha t  T12 
is an odd funct ion of x2, and thus the shear stress field is given by  
T12 = - A x 2 ,  A = P + b, (20) 
in which P is the pressure gradient,  and the scalar p is given by  
~4 ~2 ~6 72E2" (21) p= -Pxl + ~2E +-  +-  
On subst i tut ing the expression for shear stress T12 from (19) into Eq. (20), a differential 
equation is obtained for v(x~) which contains the parameters  E and A. 
The velocity field mus t  also satisfy the no-slip boundary  conditions 
v(h) = v ( - h )  = 0. (22) 
5Tow consider a specific choice for the relation between Tx2, E and 7. There is some 
experimental  evidence (cf. Filisko [3]) tha t  suggests a relation of the form ~ (see Fig. 2), 
T12 
%(E) + /~(E)  y,  y > 0 
O, y = 0  
-a0(E) + ~(E) ~, ~ < 0, 
(23) 
1 In general, we could expect non-Newtonian fluid behavior even in the absence of an electric 
field, and thus T12 might have the form: 
T1 ~ = a0(E ) _]_ p(E 2, 72) ? (A) 
where p(., ?) is a non-linear function of Y. We could thus allow for the non-Newtonian behavior of the 
material even in the absence of an electrical field 
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T12 
q5 o (E 3) 
(:5" o (E2) 
(~0 (E~) 
7 
E 3 > E 2 
E 2 > E 1 
E1 
E=0 
Fig. 2. A shear stress-shear rate 
relation for increasing electric field E 
where a0(0) = 0 and go(E) and if(E) increase monotonically with E. According to Eq. (23), 
when E = 0, the shear response is that  of a classical linearly viscous fluid. When E =# 0, 
the response becomes similar to that  of a Bingham material, with yield stress r 
Now consider the determination of v(x2) for this model. For each fixed value of E, the 
maximum magnitude of shear stress occurs at the plates, x2 = l h ,  and has the value Ah. 
If A is such that A ~ g0(E), the magnitude of the shear stress is less than the yield stress 
at all points between the plates, and there is no flow. Let A have a value such that A > g0(E). 
There is some coordinate x2 = x*(E) at which Ax*(E) = go(E), i.e., at which the yield 
condition is satisfied. Then, according to Eqs. (20) and (23), the velocity field satisfies the 
differential equations 
dv 
-~o(E) + if(E) - Axe ,  x*(E) <= x2 <_ h 
dx2 
dv 
- -  = O, - x * ( E )  <_ x2 <= x * ( E )  (24) 
dx~ 
dv 
~0(E) + if(E) dx2 Ax2, - h  ~ x 2 <= - x * ( E ) .  
When these are solved subject to the no-slip conditions (22) and the boundary conditions 
at x2 -- g-h, it is found that 
v(x2) = - ~  (h~ - x~) - (~o(E) (h  - x~) , x*(E) <= x2 <= h 
] 
(25) 
v(x2) = (Ah -- go(E))2/2Af(E), --x*(E) <= x2 <= x*(E) 
] v(x~)  = # - ~  (h  2 - x2 ~) - ~ o ( E )  (h + x~) , - -h < x~ <= - x * ( E ) .  
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These equations describe a flow consisting of a central region in which the fluid moves as 
a rigid body, i.e., "plug flow", and outer layers in which the velocity profile is parabolic. If  
the shear viscosity #(E ~, y2) is given by the more general expression in the footnote, then 
the flow field outside the dead zone or plug flow region would not be parabolic, but would 
correspond to tha t  for an appropriate power-law non-Newtonian fluid. 
Now consider the process in which A is held fixed and the magnitude E of the electric 
field increases. When E =- 0, then 00(0) = 0, x*(E) = 0 and the velocity field reduces to 
the well known form for tha t  of a Newtonian fluid in plane Poiseuille flow. As E, s0(E), and 
x*(E) increase, it is seen from Eq. (25) tha t  the velocity profile becomes tha t  of plug flow. 
The thickness of the "plug" region increases and the maximum velocity decreases (see 
Fig. 1). When E is such that  Ah = s0(E), the maximum velocity reduces to zero. This 
corresponds to the fact that,  by  Eq. (20), the stress is everywhere less than the yield stress. 
If  the fluid is a shear thickening non-Newtonian power-law fluid increasing the shear 
rate and the electrical field both tend to increase the viscosity and the flow has a larger 
region of plug flow. However, if the fluid is shear thinning, increasing the shear rate and the 
electrical field have opposing effects and tend to counteract each other. This phenomenon 
has tremendous potential implications, for example in problems where the shear stresses 
induced in the fluid have to be nearly constant, a flow in a bearing being one example. 
It is well known that the viscosity of a fluid is temperature dependent and tends to 
decrease with increasing temperature. Such temperature rises occur due to the dissipation 
in the fluid. We can compensate for such changes in the viscosity by appropriately modi- 
fying the electrical field. 
3.2 A Rabinowitch-Mooney type relationship 
The general theory for the flow between parallel plates, presented in Eqs. (18)--(22), can 
be used to develop a Rabinowitch-Mooney type  relation for determining the T~2 -- E -- y 
relation from mass flow-pressure gradient measurements. Let  v(x2, E) denote the velocity 
field and let Q(E) denote the volumetric flow per unit plate width, for any value of E. 
These are related by 
h 
Q(E) = f v(x2, E) dxe. 
- -h  
(26) 
Let  it be further assumed tha t  the shear stress-shear rate relation in Eq. (19.4) can be 
inverted so that  
= ~(T12, E). (27) 
This is quite a strong assumption, though valid for many  real rheologieal materials. 
However, there are materials where this assumption does not hold and much of the recent 
work on materials which allow for phase-transformations within the context of elastic and 
viscoelastic materials has as its basis the non-invertibility of relations such as (19). 
On integrating the right hand side of Eq. (26) by  parts,  using the adherence conditions 
(22), and then the relation ~ = dv/dx~ the expression for the mass flux can be written as 
h 
Q -- - f  E) axe. 
- - h  
(28) 
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Now consider the change of variable implied by  Eq. (20), 
x2 -- A" (29) 
Using the fact that  TI~ is an odd function of 7 and the invertibility, Eq. (28), can be re- 
written in the form 
Ah 
h a - B 2 ~y(~, E) d~ (30) 
- - A h  
in which B = A h  denotes the wall shear stress, and use has been made of symmetry  about 
the xl-axis. Finally taking the derivative with respect to B in Eq. (30), we obtain the 
desired result, 
1 d 
B y ( B ,  E)  - 2h ~ d B  (QB2) 
and hence 
~,(B, E)  = ) - ~  2Q + B ~ -  . 
Thus, suppose tha t  the volume rate of flow-pressure gradient graph has been determined 
for some fixed value of E. Then, the relation between the shear rate at  the wall and shear 
stress at the wall can be constructed by means of Eq. (31). 
3.3 Couette ~low 
Next, suppose that  the incompressible electro-rheological fluid is contained between two 
concentric cylinders. The inner and outer radii of the fluid region are Ri and R0, respectively. 
No body force acts on the fluid. The electric field vector is radial and its magnitude is 
constant. The outer cylinder is held fixed and a moment  is applied to the inner cylinder 
about its axis. The velocity field is assumed to be in the circumferential direction and varies 
only with radius. Accordingly, there is a local shearing flow in the circumferential direction, 
with the electric field vector in a direction normal to the velocity field. 
The components, with respect to cylindrical coordinates, of the velocity and electric 
field vectors are given, respectively, by  
v = v(r) e0, 
(32) 
F, = Eer  , 
where er, e0 and ez are the unit vectors in the directions r, 0 and z, respectively and E is a 
constant. 
The stress components are, by  Eqs. (5) and (10) 
c~4 y2 ~6 y2E 2 T . :  - p + ~ E  2 + ~ -  +-~- 
or 4 
Toe = - -p  + ~ 72 
Tzz = - p  (33) 
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1 
Tr0 = ~ ( ~ a  +~5  E2) y = # (  E2,y2) V 
T~ = Te~ --- 0 
in which y = r(d/dr) (v/r), and p is an arbitrary scalar function of position. 
Let  the velocity in (32) and the stresses in (33) be substituted into the balance of linear 
momentum. By a standard analysis, it is found that  the shear stress field in the fluid is 
given by  
M 
Tre - 2:~r 2 (34) 
in which M denotes the moment per unit length applied to the inner cylinder. The scalar 
field p is given by  
1 ~6y2E 2 f 1 [  + y y 2 E ~ ] d ~ + / ~ d r + c o n s t a n t .  (35) P = ~E~ + T ~y2 + ~ + ~2E2 ~G 
A differential equation for v(r) is obtained when the equation for shear stress from (33) 
is substituted into Eq. (34). The appropriate boundary conditions are 
v(Rd = ~oiR~, v(Ro) = O, (36) 
where coi is the angular velocity of the inner cylinder. Once the velocity field has been 
determined, the right hand side of Eq. (35) is known and the scalar field p can be evaluated. 
The velocity field v(r) will be determined for the Tro - E - y relation given in Eq. (23). 
In doing so, use will be made of the result from Eq. (34) that  for each fixed value of M the 
shear stress decreases monotonically from M/2:~Ri ~ at the inner cylinder to M/27~Ro ~ at the 
outer cylinder. 
First, let E = 0 so that,  according to Eq. (23), adO) = 0. Then v(r) is given by the well 
known solution for Couette flow of a Newtonian fluid 
Mr [ 1  1]  
v ( r )  - - -  (37) # " 
The relation between the angular velocity ~oi of the inner cylinder and its driving moment M 
is obtained by evaluating Eq. (37) at r = Ri: 
Now let E be a non-zero constant and consider the flow for increasing values of M. If 
M is small enoughtha t  M/2uRi 2 < ao(E), then T~ < a0(E), Ri --~ r ~ R0 and there is no 
shear flow. Let  the value of E be such that  M/2~Ri 2 > ao(E) and M/2zRo ~ < adE), i.e., 
2uR~a0(E) < M < 2zR02a0(E). Then there is some radius r*(E), Ri ~= r*(E) ~ Ro, at 
which 
r*(E) = ~2:~a0(E)] " 
For R~ <-- r <_ r*(E), there is shear flow, and for r*(E) <_ r <_ Ro the fluid is rigid. By 
Eqs. (23), (33) and (34) the velocity field satisfies the differential equations 
a ~  ( v ) ~ r  = 2:~r ----~'M R , < r < r * ( E ) _  _ 
(39) 
dr = O, r*(E) <_ r <_ Ro. 
68 K . g .  Rajugopal and A. S. Wineman 
The solution of the system of Eqs. (36) and (39) is 
v(r )  = (4~0) 
~. 0 r*(E)  <_ r <_ R o. 
The moment  which is required in order to satisfy the boundary condition at the inner 
cylinder is determined from 
mi - 2/~(E-----) 2~Ri -----~ + s~ + so(E) in  2~s,(-E)Ri ~ " (41) 
Finally, if M 2> 2~Ro2so(E), then T~o > so(E), Ro <~ r <~ Ri. The velocity field satisfies the 
differential equation 
The solution satisfying condition (36) is 
r 
v(~) = ~ ~ + + so(E)In (43) 
and the COl -- M relation is 
~ = s - ~  ~ \ R~Ro~ / + so(E)In ~ . (44) 
The velocity field for all three cases is shown in Fig. 3, and the M - ~o~ relation is shown in 
Fig. 4. In the M -  o~i relation, note the gradual transition to a straight line which is 
parallel to the one corresponding to E = 0. This corresponds to the flow described by 
Eqs. (40) in which there is an inner cylindrical region of shear flow, and a "dead zone". The 
size of the gap in the flow region is r*(E) - R~ and depends on both the applied moment  M 
and the electric field E. For fixed E, this gap increases with moment  M. This point is 
significant in view of the fact  in some experimental work, the shear rate of the fluid has 
been taken as 
v(Rd/(Ro - R~) = R i ( g i / ( R  0 - -  R i ) .  
Next, consider the effect of fixing the applied moment  M and increasing the electric 
field E. When E = 0, the fluid is Newtonian and v(r) is given by  Eq. (37). Let  E increase to 
a value such that  s0(E) < M/2xRo 2. Then the shear stress in the fluid exceeds the yield 
stress at all points in the fluid and v(r) is given by Eq. (43). Let  E increase so tha t  M/2zRo 2 
< s0(E) < M/2zR~ 2. Then there is a radius 
- - -  , 
as described in regard to Eqs. (40), which separates the shear flow near the inner cylinder 
from the "dead zone" near the outer cylinder. As E increases, the interface radius r*(E) 
decreases. When g0(E) > M/2zcR~ 2, the shear stIvss in the fluid is everywhere less than the 
yield stress and the fluid becomes rigid. Finally, as E and s0(X) increase, Eqs. (38), (41) 
and (44) show tha t  o)i decreases to zero, as shown in Fig. 5. 
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R i r*(E) R o 
Fig. 8. Couette flow: shear stress and velocity field distributions. The electric field E is fixed and 
moment M is increasing 
Curves (1): M < 2~Ri~qo(E) 
Curves (2): 2z~Ri~a0(E) ~ M ~ 2~R0~%(E) 
Curves (3): M ~ 2zRi2%(E) 
Mi 
EQ'N (44) 
2/I;Ro20" o (E) - - 
/ E ~ 0  E=0 
2/~Ri2(~0 (E) / E Q ~  EQ'N (38) 
Fig. 4. Couette flow: moment-angular velocity relations for E = 0 and E ~ 0 
70 K. I~. I~ajagopM and A. S. Wineman 
I ~(E)~o~l A ~ EQ'N (38) 
~ EQ'N (44) 
0 M M G 0 (E) 
2:E R02 2/~ Ri2 
Fig. 5. Couette f low: angu]sr velocity of inner cylinder versus yie]d stress for f ixed moment 
According to Eqs. (33), there are normal stress effects which arise in Couette flow due to 
the presence of the electric field. First, consider the effect on the difference of pressures at 
the inner and outer cylinders. Let these pressures be denoted, respectively, by p~ = - T~,(Ri) 
and P0 = - T,~(R0). Then from the radial component of the equations of motion 
dTrr Trr -- Too v 2 
d----~ -F r - ~r r ' (45) 
the pressure difference is found to be 
Ro Ro 
- - d r  + E 2 P o - P i  = e r r ~ + - 2  ~72 dr. (46) 
Rl Ri 
The first integral accounts for the pressure difference which occurs in flows of Newtonian 
fluids. The second term arises from the presence of the electric field. The deviation from the 
Newtonian result is quadratic in E. On the basis of intuition, one might expect that  the 
electric field induces tension in the fluid in the direction of the electric field vector, and 
hence that a2 > 0. If  c~G is positive, or small in magnitude, the electric field E increases this 
normal stress difference. 
There is also a normal stress component Tzz, an expression for which is given by Eqs. (33) 
and (35). Its radial variation depends on the material property functions and the electric 
field. Depending on these, the fluid could display an electro-theological equivalent of the 
free surface shape change effects which have been observed in polymeric fluids. 
3.4 Eccentric rotating disc device 
In recent years, there has been a considerable amount of interest in understanding the flow 
occurring in an eccentric rotating disc device, commonly referred to as an orthogonal 
rheometer (el. Rajagopal and Wineman [4]). 





I '= Xl ,  X2 
$o 
Fig.  6. Eccen t r i c  r o t a t i n g  d i sk  device  
An idealized eccentric rotating disc device is shown in Fig. 6. In  this device, fluid is 
contained between parallel plates which rotate with the same angular speed about  
parallel non-coincident axes. The distance between the plates is 2h and the distance between 
the axes is 2a. Measuring the forces and moments  which act on the plate one can charac- 
terize the material  moduli of the fluid tha t  is entrapped in the device. With respect to the 
Cartesian coordinate axes shown in Fig. 6, the velocity field is assumed to have the form: 
V = Vle 1 -[- V2e 2, 
where 
Vl = - ~ ( x 2  -- g(x~)), (47) 
and Q denotes the angular velocity of the plates. In  this velocity field, the fluid layer at 
x~ = constant undergoes a rigid body rotation about  the point (](x3), g(x3)). The locus of 
the points about which different x~ = constant planes rotate is in general an arbi t rary 
curve in space. I t  has been shown tha t  (47) is a motion with constant stretch history 
(cf. Rajagopal  [5]), which implies that  the eigenvalues of the relative stretch history are 
constant, the eigendireetions changing with time. This fact reduces the equations of 
motion of general simple fluids to a system of second order non-linear ordinary differential 
equations with the appropriate number of boundary conditions being provided by  the 
adherence boundary condition. 
The standard eccentric rotating disc device is assumed to have been modified so that 
there is an electric field in the fluid of the form 
F, = E e 3 ,  (48) 
where E is constant. 
The stress components, calculated using Eqs. (5) and (10), are 
z92 
Tn = - -p  + ~ 4 7 g ' 2 ,  
~92 
T22 = - p  + T I'2' 
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Ta3 = - p  + c~2E ~ + (/'2 + g'2) [ 4.Q'~ + ~-2 D~-E2] 
9, J' 
1 
T,a = -~ ( ~  + ~sE "2) ~Qg', 
1 
T23 = - ~  (~,~ + <sE ~) ~91', 
9~ 
T,~ = -~.~ - ~  (1' ~'), 
(49) 
where p is an arbi trary scalar. The invariants (6) have the same form as in (14), where now 
y~ = ~92~2, z2 = / , 2  + g,2. (50) 
In view of Eqs. (16) and (50), one can now write 
~/'13 = #(  E2, y2) s 
(51) 
T2a --- - # ( E  2, y 2) s 
Let the velocity field given by  Eq. (47) and the stresses given by Eqs. (49)-(51) be 
substi tuted into the equations of motion, stated with respect to Cartesian coordinates. 
The result is 
0p 
--~X---~ -~ ~ X  3 T13 : - - e~2 (Xl  - -  1) '  
8p 
- ~x--~ + ~ T23 : --0~2"~(x2 - g)' 
0p 
+ : 0 ,  




Ta~ + p .  
Application of the curl operation to these equations eliminates the scalar p and leads to 
d 
dx-~a ~I'13 = ~$2~/ + q, 
(53.1-2)  
d 
dx-~a T~3 = ~ + s, 
and s and q are constants. Equations (53.1, 2) together with Eqs. (50) and (51) are a system 
of two differential equations for/(x3) and g(xa). The existence of solutions to these equations 
which are associated with q ~ 0 and s ~ 0, and which are not symmetric about the plane 
x3 = constant, are discussed by  RajagopM, l~enardy, Renardy and Wineman [6] for a class 
of models for polymer fluids. We shall confine attention to the case q --- 0 and s = 0, which 
implies symmet ry  about the midplane. 
The appropriate boundary conditions on/(x3) and g(xa) arise from the fact that  (/(x~), 
g(x3) ) are the coordinates of the center of rotation of the layer at  coordinate x3 and the 
fact tha t  the fluid adheres to the rotating plates. The boundary conditions are therefore 
/(t~) = / ( - h )  = O, g(h) = a,  g ( - h )  = - a .  (54) 
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The scalar p can be easily obtained and is given by  the expression 
~92 
P = -~- (xl 2 + x22) + T33 § constant.  (55) 
~3 = x3/h, 
a 
;~=-~;~,  
Let the following dimensionless variables be introduced: 
] = l /a ,  0 = g/a,  
= [\d2 d + \ d 2 j  j" 
Also let/~0 be a characteristic viscosity and by  Eq. (50), define fl = #//~0. The boundary 
value problem (53) and (54) becomes 
d~a 
i(1) = t ( -  1) = 0, g(1) = 1, g ( - 1 )  = - 1 ,  
(57) 
where A is a dimensionless parameter  defined by  
A 2 - ~ I2h2 
- -  - - ,  ( 5 8 )  
#0 
and represents a Reynold 's  number. 
We confine attention to the case in which IA] ~ 1. In  this case, Eq. (57) admits the 
approximate  solution 
6~ 
/(xD = O, g(x3) = -~ x3. (59) 
Then /'(x~) = O, g'(x~) = a/h,  7 ~ = (Da/h) ~ and the shear stress field is uniform. The 
tangential forces on plates of area A are given by  
/'1 = /'la A = # E2, A, 
(6O) 
/ ' 2  = T 2 3 A  = 0 .  
Measurement of these forces provides a means of determining #. I t  should also be noted 
tha t  if the angular velocity is held fixed, these forces will vary  with the magnitude of E. 
3.5 Poiseuil le  ]low between the a n n u l u s  o] two cylinders 
Consider the pressure induced flow between the annulus of two co-axial cylinders which are 
fixed in space with the axis aligned along the z-coordinate direction, the outer cylinder of 
radius R 0 and the inner cylinder of radius R~, with R 0 > R~. Suppose that  the cylinders are 
infinitely long and that  the flow is fully developed. We shall assume the velocity field and 
the electrical field to have the following form: 
u = u(r) e~ and E = E e r .  (61) 
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I t  follows from (61) and (5) t ha t  
0/4 0r 6 
T .  = - p  + ~ E ~  + u (~')~ + -ff E~(~')~, 
T o o  = - -p ,  
~4 
T ~  = - p  + -~ (u') ~, 
(62) 
~3 ~,, N5 
T,~ = T + --ff E2u" 
all the  other components  of the stress being zero. 
The equations of mot ion reduce to 
3p d 1 





3p 1 d 
- -  3z § ~r -~r [r(~3u' 4- ~5E~u')] = 0. (63.3) 
Equat ions  (63.1), (63.2) imply tha t  
1 d 3p 
r dr [r(~3 + ~ E  ~) u ']  = C - 3z -- constant .  (64) 
Also C > 0, because we expect the flow to take place in the direction of decreasing pressure. 
Thus, it follows from (62.4) and (64) t ha t  
Cr D 
Tr~ = -~- + - -  (65) 
r ~ 
where D is a constant .  When  E = 0 and e~a = # = constant,  (64) reduces to the equation 
governing the classical linearly viscous fluid. I~ewriting (65) in terms of the shear viscosity 
funct ion we find 
Cr D 
#(E 2, y2) y = -2- + _ (66) 
r ' 
where y = u'.  I n  general (66) is a highly non-linear equat ion for u' which can only be solved 
numerically. The appropriate  boundary  conditions are 
u(R d = 0 = u(Ro). (67) 
Let  us consider a relation between Try, E, and y of the form 
~0(E) + # ( E )  y y > 0 
Tr~ = o 7 = o (6s) 
-~0 (E)  + #(E) 7 ~ < 0, 
where ~0(0) = 0, a0(E) and #(E) increase monotonical ly  with E. As in the case of flow 
between parallel plates, the response is similar to tha t  of a Bingham material, with yield 
stress a0(E), and we shall not  go into a detailed repetitious discussion here. 
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Let  us now determine u(r). Let  us suppose tha t  the pressure gradient  is such tha t  the 
shear stress exceeds the yield stress everywhere then,  it follows f rom (65) and (68) t ha t  
u(r) = ~ + D l o g r  -- ~0(E) r + K , (69) 
where D and K are constants  which are to be determined by  using the boundary  conditions 
(67), a0(E) is a specified number,  and C is the negative of the applied pressure gradient in 
the z-direction. I t  follows f rom (67) and (69) t ha t  
C 
~_ (Rd~ (~2 _ 1) + R~(~ - 1) ~o(E) 
- -D  = (70) 
In 
and 
CRi2 [ In Ri 





In Ri ] 
- - - - 1 ] +  ~o(E) Ri [l + (a - 1 )  ~ j  (71) 
(72) 
By allowing Ri -~ 0 and requiring tha t  the flow field be bounded,  we would recover the 
result for Poiseuille flow in a pipe, the axis of the pipe coinciding with a wire of infinitesimal 
thickness. 
If  the shear stress does not  exceed the yield stress everywhere, and this could be the 
case if the applied electric field is very  s trong and/or  the  applied pressure gradient  is weak, 
we will have "dead  zones" like those discussed in the Section of flow between parallel plates. 
We shall not  get into a detailed discussion of the same here. 
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